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Abstract
Recently, multifractal analysis has been evolved as an important way to explain the complexity of financial markets which
can hardly be described by linear methods of efficient market theory. In this paper multifractal analysis is performed upon 
the intradaily and the daily time series of BET index, BET-C index and ten stocks listed on the Bucharest Stock Exchange
in order to assess the degree of informational efficiency of the Romanian stock market. The empirical results of the one-
dimensional backward multifractal detrended moving average MFDMA method confirm the multifractal nature of this
emerging market and, implicitly, its predictable pattern. The two measures of the degree of market efficiency proposed by 
Wang et al. 2010 suggest that this predictability changes for different return frequencies. Moreover, generating shuffled and
surrogate time series, we analyze the sources of multifractality, long-range correlations and heavy-tailed distributions, and 
we find that the multifractal behavior can be mainly attributed to the latter. 
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1. Introduction 
In the field of finance, the Efficient Market Hypothesis EMH proposed by Fama 1970 has been a long 
debateable issue. In his pioneering work, Fama describes a weak-form efficient market as the one where the 
current asset prices impound all of the information that can be derived from their past values, new information 
being immediately incorporated into the price. This implies that the expected value of log price is the log price 
in the previous period, and log returns are linear and nonlinear independent with the past values. Therefore, 
asset prices follow a martingale difference sequence and returns are unpredictable. The EMH also assumes that 
financial returns are normally distributed, there is a trade-off between risk and returns, and there is a rational 
and unique way to use available information and all investors possess this knowledge rendering any trading 
strategy based on past asset prices unprofitable. However, a large number of empirical studies, initiated by 
Mandelbrot 1963, have shown that financial markets exhibit some stylized facts, such as volatility clustering, 
fat tails, long term dependence and multifractality. The concept of fractal and therefore self-similarity was 
introduced in the field of economics by Mandelbrot in the 1980s to study the economical and financial data 
from a new perspective. When the market does not keep the self-similarity, it can easily break down Peters, 
1994. 
 Process tX is consider multifractal if it has stationary increments which scale as 
)(qqHq
tt XX  for integer 0 and for all q Calvet and Fisher, 2008. H(q) is called generalized Hurst 
exponent and its dependence on q separates the processes into categories: monofractal for constant H(q) and 
multifractal when H(q) is a function of q. The multifractal process is appealing mainly due to its ability to 
describe the process in more complex way and allow the distributions to follow more complicated functions of 
rescaling which is closer to the real world observations Cont, 2001. In particular, it has been shown previously 
that the presence of multifractality in financial time series excludes the possibility of efficient market. 
For example,Wang, Liu and Gu 2009 investigated the change of efficiency brought by the price-limited 
reform in the Shenzhen stock market using multifractal detrended fluctuation analysis. Employing the method 
of rolling window and a new measure of degree of market efficiency based on property of generalized Hurst 
exponents, they find that Shenzhen stock market has became more efficient in the long term after the reform. 
Furthermore, they note that conventional models such as GARCH and EGARCH cannot be suited to forecast 
the volatility of Shenzhen stock market. The same methodology was employed by Wang et al. 2010 to analyze 
market efficiency for the Shanghai stock market over time with similar results  the volatility series have 
apparently long-range correlations and multifractality implying the fact of inefficiency and price-limited reform 
improved the efficiency in the long term, but the influence in the short term was very minor. Zunino et al. 2008 
employing a model to test the relationship between the stage of market development and multifractality degree 
found that an inefficiency ranking can be derived from multifractal analysis using the MFDFA method and a 
sample of 32 equity index for different countries. An inefficiency ranking considering the multifractality degree 
as a measure of inefficiency was proposed for Latin American stock markets also by Zunino et al. 2009. The 
results revealed a higher degree of multifractality for emerging markets which can be mainly attributed to the 
broad fat-tail distributions and secondarily to the long-range correlations. Onali and Goddard 2009 used the 
RRA and MFDFA methods to investigate the fractal properties of the Italian stock market and the evidence was 
reported of multifractality and the departure from random walk behavior was statistically significant on 
standard criteria, the observed pattern being attributed mainly to fat-tailed probability distributions of 
variations, associated with volatility clustering. Stavroyiannis, Makris and Nikolaidis 2010 examined the 
dynamic properties of the daily returns of the Athens Stock Exchange General Index via WTMM and MFDFA 
methods. The generalized Hurst exponent, saturating for large moment values, showed a significant 
multifractality range which is connected to the inefficiency of the market, compared to the matured markets. 
The efficiency and multifractality of gold markets has drawn the attention of Wang, Wei and Wu 2011. Using 
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the MFDFA they show that the gold return series are multifractal both for time scales smaller than a month, for 
which the main contribution of multifractality is fat-tail distribution, and for time scales larger than a month, 
for which both long-range correlations and fat-tail distribution play important roles in the contribution of 
multifractality. Also, by defining a new inefficiency measure related to the multifractality, they find that the 
gold market is more efficient during the upward periods than during the downward periods. 
This paper presents several contributions to the financial literature. In the first place, the literature 
considering the dynamic properties of the Romanian emerging stock market is scant. In this paper we focus on 
the investigation of the degree of informational efficiency of the Romanian stock market from a fractal 
perspective. Secondly, we employ a recent method  multifractal detrended moving average MFDMA  to test 
for multifractality and assess the degree of market efficiency both at microeconomic and macroeconomic level. 
Paul Samuelson 1965 stated that stock market is micro-efficient but at the same time macro-inefficient, 
implying that the EMH works better for individual stocks than it does for aggregate stock market indices. 
Furthermore, we show by estimating Hurst exponents that stock and indices returns scale differently for 
intradaily and daily return frequencies. Intradaily data offer a large sample size that increases statistical 
confidence and reveal events in the financial market that are impossible to identify with low frequency data. 
Also, we quantified the sources of multifractality  fat-tails variations and long range temporal correlation  by 
generating shuffled and surrogate time series. Finally, following Wang et al. (2010) we built an efficiency 
ranking using two measures of the degree of market efficiency based on multifractality degree. 
2. Data and methodology 
2.1. Data 
The data set consists of transaction prices at intradaily and daily frequencies for the BET index, BET-
Composite index and ten large-cap companies listed in the Bucharest Stock Exchange. The daily time series 
range from 3rd January 2001 to 31st May 2012  a total of  2945 observations, while the intradaily time series 
range from 3rd January 2011 to 30th December 2011, the length of the series varying between 6827 and 117960 
observations. The data is transformed into a series of continuously compounded returns, )/ln( 1ttt PPR , where 
tP  and 1tP denote two consecutive trading days/moments. 
2.2. Methodology 
The one-dimensional MFDMA Gu and Zhou, 2010 consists of six steps as follows: 
Let Nttx ,...,1),(  be a time series, where N is the length of the series. 
Step 1. Determine the sequence of cumulative sums t
i
ixty
1
),()(  .,...,1 Nt  
Step 2. Calculate the moving average function in the moving window )1)(1(
)1(
)(1)(~
n
nk
ktynty  , 
where n is the window size, xx is the is the largest integer, xx is the smallest integer, and  is the 
position parameter with the value varying between 0 and 1. In this study we consider 0  , therefore the 
method is called backward MFDMA. Gu and Zhou 2010 found that it has the best performance, which provides 
the most accurate estimates of the scaling exponents with lowest error bars; also it outperforms the MFDFA. 
Step 3. Obtain the residual sequence )(i  by removing the moving average function )(~ iy from )(iy : 
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 )(~)()( iyiyi , 
where )1()1( nNinn . 
Step 4. Divide the residual series into nN disjoint segments (denoted by ) with the same size n, where 
1/ nNNn . The root-mean-square function with the segment size n will be 
n
i
innF
1
22 )(1)( . 
Step 5. The qth-order fluctuation function is generalized to the following form 
qN q
nq
n nFNnF
1
1
)(1)( , where q can take any real value except 0. When 0q , according to 
nN
n nFNnF 10 )(ln1)(ln . 
Step 6. If the time series possesses scaling properties, we can determine the power-law relationship between 
)(nFq and n, 
)()( qHq nnF ,          (1) 
where H(q) is the generalized Hurst exponent. The H(q) exponent is related to the multifractal scaling exponent 
)(q  by  
.1)()( qqHq          (2) 
If the multifractal exponent )(q is a nonlinear function of q, the time series has multifractal nature. 
3. Empirical results 
Fig. 1 displays the scaling exponents for the original, shuffled and surrogate return series for both intradaily 
and daily frequencies. The shuffled series are generated by reordering the original series in a way that destroys 
any temporal correlations in the series, without altering the distribution of the variations, while the surrogate 
series are generated by randomizing the phase of the discrete Fourier transform of the original series which 
eliminates heteroscedasticity and fat tails, but preserves the autocorrelation structure of the original series. The 
shuffle and phase randomization procedures used in this study follow the methods of Norouzzadeh and 
Rahmani 2006, p.331. As we can observe, when q varies from -10 to 10, the return series exhibit characteristics 
that can be interpreted in terms of multifractality, regardless the frequency considered, as the corresponding 
)(q curves are nonlinear. It is important to note that this pattern is found in all cases; in Fig. 1 we illustrate 
only the behaviour of two stocks and of the two indices. Furthermore, the nonlinear properties of the curves of 
the original, shuffled and surrogate return series are not the same, which implies their different degrees of 
multifractality strenght. 
Table 1 shows the multifractality degrees of the original, shuffled and surrogate return series of the sample 
analyzed. Using the least square fitting method, we obtain from Eq. (1) the slopes H(q) and quantify the 
multifractality degree by )()( maxmin qHqHH . The results imply that the original return series, especially 
the intradaily return series, have the richest multifractality and implicitly the highest variability of H(q). This 
behaviour  is caused by the fat-tailedness in the distribution rather than the long range temporal correlations 
since the multifractality degree of the surrogate series weakened more significantly than that of the shuffled 
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series. 
Table 1. Multifractality degrees of the original, shuffled and surrogate return series 
 Intradaily data  Daily data 
Original Shuffled Surrogate  Original Shuffled Surrogate 
AZO 3.2957 0.4658 0.0533  0.8149 0.1924 0.0363 
BIO 5.9036 0.4939 0.0190  0.2733 0.2428 0.0047 
BRD 5.0978 0.6862 0.0379  1.0841 0.1184 0.0619 
SIF1 3.9782 0.6262 0.0075  0.6094 0.1351 0.0195 
SIF2 3.3180 0.4952 0.0561  0.4610 0.1481 0.0339 
SIF3 2.7261 0.5433 0.0853  0.4450 0.1459 0.0853 
SIF4 2.5900 0.4568 0.0227  0.3966 0.2901 0.0321 
SIF5 3.1181 0.5329 0.0265  0.3950 0.2824 0.0606 
SNP 2.7609 0.4659 0.0192  0.5589 0.0699 0.0455 
TLV 4.0486 0.4937 0.0409  0.4760 0.1490 0.0792 
BET 0.3939 0.2861 0.0621  0.4571 0.1533 0.1316 
BET-C 0.5406 0.4115 0.0582  0.4248 0.3015 0.0706 
Wang et al. 2010 showed that the multifractality degree can measure the degree of market efficiency under 
some certain conditions. It is a known fact that the generalized Hurst exponents for all q
an efficient market. Therefore, the degree of market efficiency is measured by the average value of 5.0)(qH  
as follows: 
max
min
5.0)(1 minmax
q
qq
qHqqDME
      
 (3) 
For an efficient market, 0DME . If we consider the situation of extremely large and small fluctuations and 
5.0)( minqH  and 5.0)( maxqH we can obtain: 
HqHqHqHqHDMEE 21)(5.05.0)(215.0)(5.0)(21 maxminmaxmin   (4) 
In Table 2 we rank the return series of our sample by considering their multifractality degree calculated as in 
Eq. (3) and Eq. (4) as a measure of the degree of efficiency. The ranking changes depending primarily on the 
frequency considered and secondly on the measure used. Therefore, when higher frequency is considered, the 
Romanian stock market is more macro-efficient, while at lower frequency is more micro-efficient. 
The difference may be caused by the stylized factors of intradaily data see, for example, Dacorogna et al., 
2001 and/or by the specific features which characterize an emerging market like the Romanian stock market.  
Overall, the values of DMEE and DME deviate from zero, indicating a low degree of efficiency of the 
Romanian stock market, especially for high return frequency. 
 
Table 2. Efficiency ranking of the original return series 
 
 
DMEE  DME 
Intradaily Daily  Intradaily Daily 
BET 0.1969 BIO 0.1366  BET 0.1263 BIO 0.1166 
BET-C 0.2703 SIF5 0.1975  BET-C 0.1816 SIF4 0.1613 
SIF4 1.2950 SIF4 0.1983  SIF4 1.1275 SIF5 0.1735 
SIF3 1.3631 BET-C 0.2124  SIF3 1.1775 SIF3 0.1849 
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SNP 1.3805 SIF3 0.2225  SNP 1.2162 SNP 0.1998 
SIF5 1.5590 BET 0.2286  SIF5 1.3602 SIF2 0.2089 
AZO 1.6479 SIF2 0.2305  SIF2 1.4547 TLV 0.2141 
SIF2 1.6590 TLV 0.2380  AZO 1.5255 SIF1 0.2400 
SIF1 1.9891 SNP 0.2795  SIF1 1.7550 BET-C 0.2485 
TLV 2.0243 SIF1 0.3047  TLV 1.7991 BET 0.2562 
BRD 2.5489 AZO 0.4075  BRD 2.2931 AZO 0.2985 
BIO 2.9518 BRD 0.4868  BIO 2.6894 BRD 0.4868 
4. Conclusions 
In this paper we have imposed the one-dimensional backward MFDMA on the intraday and daily return 
series of BET index, BET-C index and ten stock listed in the Bucharest Stock Exchange in order to investigate 
the degree of efficiency of the Romanian stock market and the evidence show a low degree of efficiency. When 
daily frequency is considered the EMH works better for individual stock and when intraday frequency is 
considered the aggregate indices are found to be less predictable. We also show that the scaling exponents )(q
are nonlinear indicating that the return series exhibit multifractal nature. To obtain the origins of the 
multifractality we employ the shuffling and phase randomization procedures and we find that the fat-tailedness 
plays the major role in the sources of multifractality. 
Our future work will focus on investigating the evolution of market efficiency estimating the DME and 
DMEE in a rolling window approach and on analyzing the behaviour of scaling exponents )(q for different 
time scales. 
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Fig. 1. The scaling exponents )(q as a function of q for the original, shuffled and surrogate return series
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